Let C be a nonempty closed convex subset of a Hilbert space H, let B, G be two set-valued maximal monotone operators on C into H, and let g : H → H be a k-contraction with 0 < k < 1. A : C → H is an α-inverse strongly monotone mapping, 
Introduction
Throughout this paper, H denotes a real Hilbert space, C a nonempty closed convex subset of H, N the set of all natural numbers and R the set of all real numbers. For a self-mapping T on H, F(T) denotes the set of all fixed points of T.
A The fixed point theory for nonexpansive mappings can be applied to the problem of finding a zero point v of a maximal monotone operator B on H, that is, finding a point ©2014 Hong; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.journalofinequalitiesandapplications.com/content/2014/1/264 v ∈ H satisfying  ∈ B(v). In the sequel, we shall denote the set of all zero points of B by B - .
A self-mapping V on H is calledγ -strongly monotone if there is a positive real number γ such that x -y, Vx -Vy ≥γ x -y  , ∀x, y ∈ H;
V is called L-Lipschitzian if there is a positive real number L such that
Vx -Vy ≤ L x -y , ∀x, y ∈ H.
A mapping A : C → H is said to be α-inverse strongly monotone if there is a positive real number α such that x -y, Ax -Ay ≥ α Ax -Ay  , ∀x, y ∈ C.
As easily seen, an α-inverse strongly monotone mapping is  α -Lipschitzian on C. For λ ∈ R, a mapping T : C → H is said to be λ-hybrid if
When λ = , T is called nonspreading. It is known that F(T) is closed and convex provided T is a λ-hybrid self-mapping on C, cf. 
. Then the algorithm starts with any x  ∈ H and generates a sequence {x n } iteratively by
where {α n } ⊆ (, ), {σ n } ⊆ (, ∞), and {r n } ⊆ (, ∞) satisfy
They proved that P (A+B) - ∩G -  (I -V + γ g) has a unique fixed point p  in , and this p  is also a unique solution On the other hand, Manaka and Takahashi [] used the algorithm
-  for a nonspreading mapping T, an α-inverse strongly monotone mapping A and a maximal monotone operator B under the conditions
where a, b, c, d ∈ R are fixed. They proved that the sequence {x n } constructed above converges weakly to a point p ∈ F(T)
Very recently, Liu et al.
[] modified the iterative scheme () to approximate a point
-  for a nonspreading mapping T, an α-inverse strongly monotone mapping and a maximal monotone operator B. For any u ∈ H, they put x  to be any point of H and define recursively for all n ∈ N,
where {α n } is a suitable sequence in [, ]. Motivated by the above works, in this paper we introduce a general iterative scheme for approximating a point of
where T is a λ-hybrid self-mapping on C, A : C → H is an α-inverse strongly monotone mapping and B and G are two maximal monotone operators. A strong convergence theorem of the sequence generated by our iterative scheme is proved under suitable conditions. Our result improves and generalizes the main theorem of Lin and Takahashi [] . As applications of our strong convergence theorem, the related equilibrium and variational problems are also studied.
Preliminaries
In order to facilitate our investigation, in what follows we recall some basic facts. A mapping T : C → H is said to be (i) nonexpansive if
(ii) firmly nonexpansive if
The metric projection P C from H onto C is the mapping that assigns each x ∈ H the unique point P C x in C with the property
It is known that P C is nonexpansive and characterized by the inequality: for any x ∈ H,
cf. [] . http://www.journalofinequalitiesandapplications.com/content/2014/1/264
For any x, y ∈ H, one has 
The following lemma can be derived easily from the resolvent identity of a monotone operator B:
for any s, t >  and any x ∈ H.
Lemma . Let B be a monotone operator on H. Then, for any s, t ∈ R with s, t >  and for any x ∈ H,
When B is maximal monotone, a different proof may be found in Takahashi et al. [] .
Lemma . [] Let A : C → H be an α-inverse strongly monotone mapping, and let B be a maximal monotone operator on H with D(B) ⊆ C. Then, for any σ > , one has (A + B)
-  = F(J B σ (I -σ A)). Lemma . [] Let A : C → H be an α-inverse strongly monotone mapping. Then, for any σ ∈ (, α], (I -σ A) is nonexpansive. Lemma . [] Let g : H → H be a k-contraction with  < k < , let V : H → H be ā γ -
strongly monotone and L-Lipschitzian mapping withγ >  and L > , and let γ be a real number satisfying
Furthermore, for any nonempty closed convex subset of H, P (I -V + γ g) has a unique fixed point p  ∈ , which is also a unique solution of the variational inequality
Lemma . []
Let {s n } be a sequence of nonnegative real numbers satisfying
where {α n }, {μ n } and {ν n } verify the following conditions: http://www.journalofinequalitiesandapplications.com/content/2014/1/264
Strong convergence theorems
We begin the proof of the main result of this paper. As the proof is rather lengthy, we divide the proof into many assertions.
Start with any x  ∈ H and define a sequence {x n } iteratively by
where the sequences {α n }, {σ n } and {r n } verify the following conditions:
with lim n→∞ α n =  and ∞ n= α n = ∞; (..) {σ n } and {r n } are sequences in (, ∞) so that lim inf n→∞ r n >  and there are a, b ∈ R with  < a ≤ σ n ≤ b < α for all n ∈ N. Then the sequence {x n } constructed by algorithm () converges strongly to a point p  ∈ , where p  is the unique fixed point of P (I -V + γ g), and this point p  is also a unique solution of the hierarchical inequality
Proof In what follows, p is a point in , τ =γ -
Since lim n→∞ α n = , there is N ∈ N such that  -α n τ >  and μ -α n >  for all n ≥ N . Then, as V isγ -strongly monotone and L-Lipschitzian, we have that for all n ≥ N ,
and so the assertion holds.
• Assertion (B): The sequences {x n }, {y n }, {z n }, {u n }, {Au n }, {Vy n }, {g(x n )} and {T n z n } are bounded.
We firstly show that
p by assumption and the facts that a resolvent is nonexpansive and A is α-inverse strongly monotone, we have
where the last inequality follows from the hypothesis that α ≥ σ n . Therefore,
Since T is λ-hybrid, we have, for any n ∈ N,
and so, by induction, it comes easily that
Consequently,
Next, we show that { x n -p } is bounded. Indeed, as p = (I -α n V )p + α n Vp, we have
which together with Assertion (A) implies that for all n ≥ N ,
from which we inductively deduce that
Thus, {x n } is bounded, and so are {y n }, {z n } by (). And then the boundedness of {T n z n } follows from (). The fact that {Vy n } and {g(x n )} are bounded is due to the fact that V and g are L-Lipschitzian and k-contraction, respectively.
p ≤ x n -p , we deduce that {u n } is bounded, and {Au n } is bounded comes from A is  α -Lipschitzian.
• Assertion (C): lim n→∞ x n+ -x n = .
We at first show that lim n→∞ y n+ -y n = . By Assertion (B), we can choose a positive real number M so that
Then, for all n ∈ N,
Hence lim n→∞ y n+ -y n = . http://www.journalofinequalitiesandapplications.com/content/2014/1/264
Now, for all n ≥ N , we have from Assertion (A) that
Consequently, using condition (..), Assertion (B) and lim n→∞ y n+ -y n = , we get lim n→∞ x n+ -x n = .
• Assertion (D): lim n→∞ Au n -Ap = .
Using (), it follows from (), () and () that
Hence, on account of  < a ≤ σ n ≤ b < α for all n ∈ N, we have
which together with Assertions (B) and (C) implies that lim n→∞ Au n -Ap = .
• Assertion (E): lim n→∞ x n -y n = lim n→∞ x n -u n = . http://www.journalofinequalitiesandapplications.com/content/2014/1/264
condition (..) and Assertions (B) and (C), we conclude that lim n→∞ x n -y n = . As J G r n is firmly nonexpansive, one has
and so
In addition, since A is α-inverse strongly monotone, we see from () that
Then (), () and () give us that
By Assertions (C), (D) and condition (..), we obtain lim n→∞ x n -u n = .
• Assertion (F): is a nonempty closed convex subset of H.
Since is nonempty by assumption, it suffices to show that is closed and convex. From Lemma ., we have that for any σ > ,
In case  < σ ≤ α, we have that I -σ A is nonexpansive by Lemma .. • Assertion (G): P (I -V + γ g) has a unique fixed point p  in , and this p  is also a unique solution p  ∈ to the hierarchical variational inequality ()
Taking into account that is a nonempty closed convex subset, the conclusion follows from Lemma ..
• Assertion (H): Let p  be the unique solution to the hierarchical variational inequality
Choose a subsequence {x n i } of {x n } so that
and {x n i } converges weakly to w ∈ H. In view of Assertion (E), we see that both of the sequences {u n i } and {y n i } converge weakly to w. We at first show that w ∈ F(T). Since T is λ-hybrid, one has Tx -Ty  ≤ x -y  + λ x -Tx, y -Ty for all x, y ∈ C. Express λ as λ = ( -δ). Then, for all x, y ∈ C, we have
that is,
In particular, for all i ∈ N, all z n and all y ∈ C,
Summing these inequalities from i =  to n - and dividing by n, we obtain
Replacing n with n i in () and letting i → ∞, we get via Assertion (B) that
Putting y = w in (), we arrive at  ≤ -Tw -w  . This shows that w ∈ F(T).
Since  < a ≤ σ n i ≤ b < α, {σ n i } has a convergent subsequence. For simplicity, we assume that {σ n i } converges to a number σ ∈ [a, b]. Note that for all n ∈ N,
where v n = (I -σ n A)u n . Furthermore, we have for all n ∈ N,
Hence, {J B σ v n -v n } is bounded. Now, replace n with n i in () and note that both {Au n i } and {J We now show that w ∈ G - . Since G is a maximal monotone operator, the Yosida ap-
Since lim inf n→∞ r n > , {u n i } converges weakly to w and x n i -u n i → , we have
and then the maximality of T shows that  ∈ Gw, that is,  ∈ G - .
In summary, we have shown that w ∈ , and so, by Assertion (G), we conclude that
• Assertion (I): The sequence {x n } converges strongly to p  .
Replacing p with p  in (), we have
Hence
by Assertion (H), it follows from Lemma . that {x n } converges strongly to p  . This completes the proof.
When T is the identity mapping, the theorem reduces to the following corollary. 
(..) {α n } is a sequence in [, ] with lim n→∞ α n =  and ∞ n= α n = ∞; (..) {σ n } and {r n } are sequences in (, ∞) so that lim inf n→∞ r n >  and there are a, b ∈ R with  < a ≤ σ n ≤ b < α for all n ∈ N. Then P (I -V + γ g) has a unique fixed point p  in , and this p  is also a unique solution p  ∈ to the hierarchical variational inequality
Here we would like to remark that Corollary . is related to Theorem  in Lin and Takahashi 
Applications
In this section, we shall apply Theorem . to study the related equilibrium problem. Let f : C × C → R and A : C → H. Then a generalized equilibrium problem is the problem of findingx ∈ C such that f (x, y) + Ax, y -x ≥ , ∀y ∈ C.
(   )
The solution set for Eq. () is denoted by EP(f , A), that is, EP(f , A) = x ∈ C : f (x, y) + Ax, y -x ≥ , ∀y ∈ C .
Since C is a nonempty closed convex subset of H, the indicator function ι C defined by
is a proper lower semicontinuous convex function, and its subdifferential ∂ι C defined by Thus we obtain the desired results from Theorem ..
